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ABSTRACT
The detailed observation of the distribution of redshifts and chirp masses of binary
black hole mergers is expected to provide a clue to their origin. In this paper, we
develop a hybrid model of the probability distribution function of gravitational lens-
ing magnification taking account of both strong and weak gravitational lensing, and
use it to study the effect of gravitational lensing magnification on the distribution of
gravitational waves from distant binary black hole mergers detected in ongoing and
future gravitational wave observations. We find that the effect of gravitational lensing
magnification is significant at high ends of observed chirp mass and redshift distribu-
tions. While a high mass tail in the observed chirp mass distribution is produced by
highly magnified gravitational lensing events, we find that highly demagnified images
of strong lensing events produce a high redshift (zobs & 15) tail in the observed red-
shift distribution, which can easily be observed in the third-generation gravitational
wave observatories. Such a demagnified, apparently high redshift event is expected
to be accompanied by a magnified image that is observed typically 10 − 100 days
before the demagnified image. For highly magnified events that produce apparently
very high chirp masses, we expect pairs of events with similar magnifications with
time delays typically less than a day. This work suggests the critical importance of
gravitational lensing (de-)magnification on the interpretation of apparently very high
mass or redshift gravitational wave events.
Key words: gravitational lensing: strong — gravitational lensing: weak — gravita-
tional waves — stars: black holes
1 INTRODUCTION
Recent discoveries of gravitational waves from binary black
hole (BH) mergers open the possibility of using gravita-
tional waves to probe the Universe (Abbott et al. 2016a).
These discoveries reveal the population of binary BHs
with their masses of ∼ 30 M⊙, whose origin is still un-
known. While such massive BHs can in principle be formed
as remnants of massive metal-poor stars, it is not very
clear whether binaries of these BHs that can merge within
the age of the Universe are sufficiently formed to explain
the observed merger rate of binary BHs (Abbott et al.
2016c). There are possible scenarios of binary forma-
tions, including the formation from isolated massive binary
stars (e.g., Kinugawa et al. 2014; Belczynski et al. 2016;
Stevenson et al. 2017) and the dynamical formation in sense
⋆ E-mail: masamune.oguri@ipmu.jp
stellar systems (e.g., Rodriguez, Chatterjee, & Rasio 2016;
O’Leary, Meiron, & Kocsis 2016). In addition, such binary
BHs might be explained by primordial black holes (PBHs;
Bird et al. 2016; Sasaki et al. 2016; Clesse & Garc´ıa-Bellido
2017).
The distribution of binary BH mergers provides a clue
to the origin of binary BHs. From gravitational wave ob-
servations alone, one can obtain information on masses and
spins. Accurate observations of the distributions of these
properties help distinguish several binary BH formation
scenarios (e.g., Farr et al. 2017; Kocsis et al. 2018). An-
other information may be provided by the distribution of
luminosity distances, or redshifts inferred from the lumi-
nosity distances. For instance, Nakamura et al. (2016) and
Koushiappas & Loeb (2017) argue that the distribution of
binary BH mergers at very high redshifts is a powerful dis-
criminant of its origin.
However parameters derived from observations
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of binary BH mergers are affected by gravitational
lensing. For instance, the effect of weak gravitational
lensing on binary BH mergers has been considered in
the context of the so-called standard siren method to
constrain the distance-redshift relation (e.g., Markovic´
1993; Holz & Hughes 2005; Bertacca et al. 2018) and
cross-correlation of their spatial distributions with
large-scale structure (e.g., Camera & Nishizawa 2013;
Namikawa, Nishizawa, & Taruya 2016; Oguri 2016; Osato
2018). In particular, gravitational lensing magnification
shifts the luminosity distance estimated from the merger
waveform, and therefore the redshift of the merger event
inferred from the luminosity distance is biased if the
lensing magnification is not corrected for. Since we can
measure only “redshifted” BH masses from the merger
waveform, BH masses from the merger waveform can also
be biased due to gravitational lensing magnification. This
indicates that the presence of highly magnified events
can produce a heavy high mass tail in the BH mass
distribution inferred from gravitation wave observations
(Dai, Venumadhav, & Sigurdson 2017; Smith et al. 2018;
Broadhurst, Diego, & Smoot 2018).
When the gravitational lensing effect is strong, we ob-
serve multiple images of binary BH mergers. Depending on
the frequency of gravitational wave observations, the mass
of a lensing object, and the image configuration, the wave ef-
fect can play an important role (e.g., Nakamura & Deguchi
1999; Takahashi & Nakamura 2003; Takahashi 2017; Diego
2018). Predictions for the observed number of strongly
lensed binary BH mergers (e.g., Sereno et al. 2010, 2011;
Biesiada et al. 2014; Ding, Biesiada, & Zhu 2015; Liao et al.
2017; Ng et al. 2018; Li et al. 2018) indicate that a large
number of such events can be discovered in next-generation
gravitational wave observatories.
In this paper, we study the effect of gravitational lens-
ing magnification on the distribution of gravitational waves
from binary BH mergers. We focus on how the distribution
of observable quantities, such as luminosity distances and
BH masses inferred from waveforms, is affected by gravi-
tational lensing. In this regard, our work is similar to that
conducted by Dai, Venumadhav, & Sigurdson (2017), but in
our work we explore the role of strong gravitational lensing
more thoroughly. Our working assumption is that, due to the
poor localization accuracy and the difficulty in identifying
electromagnetic counterparts of binary BH mergers (e.g.,
Abbott et al. 2016b), the identification of multiple images
is not straightforward in gravitational wave observations.
We develop a hybrid framework to compute the magnifica-
tion probability distribution function (PDF) for which we
combine the effects of both weak and strong gravitational
lensing and treat multiple images separately. We show that
demagnified images play an important role in the distribu-
tion of binary BH mergers at high redshifts. We also discuss
the prospect for identifying possible multiple image pairs of
gravitational wave events in future observations.
This paper is organized as follows. In Section 2, we
describe our hybrid model of the magnification PDF. We
present models of binary BH mergers adopted in the pa-
per in Section 3. The method to compute distributions of
binary BH mergers with and without the gravitational lens-
ing magnification in Section 4. We present our results in
Section 5, and summarize our results in Section 6. Through-
out the paper, we assume a flat cosmological model with
matter density ΩM = 0.3156, baryon density Ωb = 0.04917,
cosmological constant ΩΛ = 0.6727, the dimensionless Hub-
ble constant h = H0/(100 km s
−1Mpc−1) = 0.6727, spectral
index ns = 0.9645, and the normalization of density fluctu-
ations σ8 = 0.831 (Planck Collaboration et al. 2016).
2 MODEL OF GRAVITATIONAL LENSING
In this Section, we present our model of the magnification
PDF for compact astronomical sources. In order to take ac-
count of both strong and weak lensing effects, we adopt a
hybrid approach in which the magnification PDF at low and
high magnifications are computed separately. Our model al-
lows us to compute magnification PDFs for wide ranges of
source redshifts and magnifications, and to study overall dis-
tributions of weakly and strongly lensed sources as well as
strong lensing properties for a subsample of sources in a
unified manner.
2.1 Magnification PDF at low magnifications
Cosmological PDFs of lensing magnifications have been
studied using various methods including ray-tracing in
numerical simulations (e.g., Wambsganss et al. 1997;
Hamana, Martel, & Futamase 2000; Takada & Hamana
2003; Hilbert et al. 2007, 2008; Takahashi et al. 2011;
Castro et al. 2018) as well as analytical approaches
(e.g., Schneider & Weiss 1988; Holz & Wald 1998;
Perrotta et al. 2002; Wyithe & Loeb 2002; Yoo et al.
2008; Lima, Jain, & Devlin 2010; Kainulainen & Marra
2011; Lapi et al. 2012; Fialkov & Loeb 2015). These
studies showed that the magnification PDF significantly
deviates from the Gaussian distribution such that it has
a long tail toward high magnifications. The behavior of
the very high magnification tail is dominated by strong
lensing and is well understood by catastrophe theory (e.g.,
Blandford & Narayan 1986).
In this paper, we compute the magnification PDF at
low magnifications following the methodology developed in
Takahashi et al. (2011). In this method, the magnification
PDF is computed from the convergence PDF adopting an
approximate relation
µ =
1
(1− κ)2 , (1)
where µ and κ denote magnification and convergence, re-
spectively. For the convergence PDF dP/dκ, we adopt a
model of Das & Ostriker (2006) that is given by
dP
dκ
= Nκ exp
[
− 1
2ω2κ
{
ln
(
1 +
κ
|κempty|
)
+
ω2κ
2
}2
×
{
1 +
Aκ
1 + κ/ |κempty|
}]
1
κ+ |κempty| , (2)
where parameters Nκ, ωκ, and Aκ are determined numeri-
cally so as to satisfy∫
dκ
dP
dκ
= 1, (3)
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∫
dκ
dP
dκ
κ = −2〈κ2〉, (4)
∫
dκ
dP
dκ
κ2 = 〈κ2〉. (5)
The discussion on the negative mean convergence is found
in Takahashi et al. (2011) and also in e.g., Kaiser & Peacock
(2016). In this model, the information on the source redshift,
the matter power spectrum, and cosmological parameters is
included in κempty and 〈κ2〉. The former denotes the min-
imum convergence value, which is realized when light ray
propagates through the empty region i.e., the density fluc-
tuation δ = −1. Specifically κempty for a source at z = zs is
computed as
κempty = −3ΩM
2
(
H0
c
)2 ∫ zs
0
c dz
H(z)
(1 + z)
r(χ)r(χs − χ)
r(χs)
,(6)
where H(z) is the Hubble parameter at redshift z, χ is the
radial distance χ(z) =
∫ z
0
c dz′/H(z′), and r(χ) is the co-
moving angular diameter distance that is equal to χ for a
flat universe. On the other hand, the variance of the con-
vergence 〈κ2〉 is related with the matter power spectrum
Pm(k, z) as
〈κ2〉 = 9Ω
2
M
8pi
(
H0
c
)4 ∫ zs
0
c dz
H(z)
(1 + z)2
×
[
r(χ)r(χs − χ)
r(χs)
]2 ∫
dk k Pm(k, z). (7)
We compute the nonlinear matter power spectrum using the
improved halofit model of Takahashi et al. (2012).
The convergence PDF is then converted to the magni-
fication PDF using equation (1)
dPκ
dµ
=
(1− κ)3
2
dP
dκ
∣∣∣∣
κ=1−1/√µ
. (8)
Takahashi et al. (2011) showed that the magnification PDFs
derived above fit those from ray-tracing simulations quite
well up to µ ∼ 3. Since we compute the magnification PDF
at the high-magnification region separately based on strong
lensing statistics (Section 2.2), we explicitly truncate the
magnification PDF derived in equation (8) as
dPwl
dµ
=
dPκ
dµ
exp
[
−
(
µ
µ0
)4]
, (9)
where we adopt µ0 = 3.
We note that we do not take account of any baryonic
effect here. Specifically, the matter power spectrum used in
equation (7) is the one derived from dark matter only N-
body simulations. This is reasonable because the main effect
of baryon physics on the magnification PDF is to enhance
the high magnification tail at µ & 3, and the effect of baryon
on the magnification PDF around the peak (µ ∼ 1) appears
to be insignificant (see e.g., Hilbert et al. 2008; Castro et al.
2018). In Section 2.2, we derive the magnification PDF at
high magnifications taking proper account of baryon effects.
2.2 Magnification PDF at high magnifications
At high magnifications, the PDF is dominated by strong
lensing events, for which the effect of baryon cooling is signif-
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Figure 1. The redshift evolution of the velocity dispersion func-
tion adopted in this paper (equation 11). We show the velocity
functions at several different redshifts relative to the local veloc-
ity function at z = 0 as a function of the velocity dispersion σ.
icant (e.g., Kochanek & White 2001). We follow the Monte-
Carlo method developed in Oguri & Marshall (2010) to de-
rive strong lens properties of distant compact sources, which
we use to derive the magnification PDF at high magnifica-
tions. In short, we randomly generate a sample of galaxies
follow the velocity dispersion function of galaxies, and ran-
domly assign ellipticities and external shear for each galaxy,
and solve the lens equation using the glafic code (Oguri
2010) to check whether randomly generated sources are mul-
tiply imaged or not (see Oguri & Marshall 2010, for more
details). We use the mock strong lens samples generated by
this method to construct the magnification PDF expected
from strong lensing events.
While we mostly follow the methodology developed in
Oguri & Marshall (2010), here we include several updates of
calculations. First, in this paper we use an updated veloc-
ity dispersion function of all-type galaxies derived from the
Sloan Digital Sky Survey Data Release 6 (Bernardi et al.
2010)
φloc(σ) = φ∗
(
σ
σ∗
)α
exp
[
−
(
σ
σ∗
)β] β
Γ(α/β)
1
σ
, (10)
with φ∗ = 2.099×10−2(h/0.7)3Mpc−3, σ∗ = 113.78 kms−1,
α = 0.94, and β = 1.85. We note that Oguri & Marshall
(2010) adopted a velocity function of early type galaxies de-
rived by Choi, Park, & Vogeley (2007). Different choices of
a velocity function result in nearly a factor of two difference
in total strong lensing probabilities, and therefore the same
factor of difference in the magnification PDF at high mag-
nifications. Since we are interested in strong lensing of very
high-redshift sources, redshifts of lensing galaxies can also
be relatively high. In Oguri & Marshall (2010), the velocity
dispersion function is assumed to not evolve with redshift,
which may be a reasonable assumption out to z ∼ 1.5 (e.g.
Bezanson et al. 2011). In this paper, however, we are in-
terested in strong lensing of very high redshift sources for
which redshifts of lensing galaxies can be much higher than
c© RAS, MNRAS 000, 1–15
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z ∼ 1.5. In order to take account of the redshift evolution
of the velocity dispersion function, we adopt the result of
Torrey et al. (2015) in which the redshift evolution of ve-
locity dispersion functions is derived from the Illustris cos-
mological hydrodynamical simulation. Torrey et al. (2015)
provided a velocity dispersion function φhyd(σ, z) that fits
results of the hydrodynamical simulation from z = 0 to 6.
We combine this redshift dependence of the velocity dis-
persion function with the accurate local velocity dispersion
function measurement by Bernardi et al. (2010) to derive
the velocity dispersion function that is applicable for a wide
range of redshift as
φ(σ, z) = φloc(σ)
φhyd(σ, z)
φhyd(σ, 0)
. (11)
We show the redshift evolution of the velocity dispersion
function derived from equation (11) in Figure 1. Since the
strong lensing probability is proportional to σ4, velocity dis-
persions of typical strong lensing galaxies correspond to the
peak of σ4φ(σ) and hence those of massive galaxies with high
velocity dispersions. For these massive, high velocity disper-
sion galaxies, the redshift evolution is weak up to z ∼ 1, but
shows the strong decline of the number density at z & 2,
which is in line with a native expectation from the redshift
evolution of the mass function of dark matter haloes.
The density profile of each galaxy is same as that
adopted in Oguri & Marshall (2010). We adopt the sin-
gular isothermal ellipsoid model for the galaxy, which is
known to approximate the density profile of early type galax-
ies well, and add external shear. The probability distribu-
tions of the ellipticity and external shear are assumed to
be same as those used in Oguri & Marshall (2010), i.e., the
Gaussian distribution with mean of 0.3 and dispersion of
0.16 for the ellipticity and the lognormal distribution with
mean 0.05 and dispersion 0.2 dex for the external shear.
Their position angles are assumed to be completely ran-
dom. In this paper, we ignore the dynamical normalization
of the singular isothermal ellipsoid model for simplicity (see
Oguri & Marshall 2010).
We consider only galaxies as lensing objects, because
total strong lensing cross sections for compact sources
are dominated by those of single massive galaxies (e.g.,
Keeton, Kuhlen, & Haiman 2005), which is also supported
by the statistics of strong gravitational lenses discovered in
submillimetre surveys (e.g., Amvrosiadis et al. 2018). This
means that the inclusion of group- and cluster-scale haloes
in the computation does not change our quantitative results
significantly.
From the mock strong lens sample, we construct the
source plane magnification PDF as a function of redshift,
which we denote dPsl/dµ. In the case of strong lensing, there
is an ambiguity about how to deal with multiple images. In
this paper, we regard multiple images as distinct images in
computing the magnification PDF from the mock lens sam-
ple, because in observations of binary BH mergers it is not
straightforward to identify multiple images. See Appendix A
for more detailed discussions about the definition of magni-
fication PDFs in the presence of multiple images.
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Figure 2. Top: The total magnification PDF for z = 10 (solid)
is shown together with contributions from magnification PDFs
at low and high magnifications derived in Sections 2.1 and 2.2,
respectively. These magnification PDFs derived using different
methods are combined based on the methodology detailed in Ap-
pendix A, in which multiple images are treated separately. Bot-
tom: The magnification PDFs for z = 1 (dashed), 3 (dash-dotted),
10 (solid), and 30 (dotted).
2.3 Combined magnification PDF
We follow the procedure detailed in Appendix A to com-
bine magnification PDFs at low (Section 2.1) and high (Sec-
tion 2.2) magnifications. As described in Appendix A, we
include minor corrections in order to ensure the correct nor-
malization and the mean magnification. The magnification
PDFs are computed as a function of source redshift zs with
the source redshift bin size of 0.1 dex.
We show examples of magnification PDFs in Figure 2.
As discussed in Appendix A, since we treat multiple images
separately, the normalization of the magnification PDF ex-
ceeds unity, though only slightly. With increasing redshift,
the magnification PDF becomes wide and has a higher tail
at high magnifications. The feature seen at µ ∼ 2 for the
magnification PDF from strong lensing, Psl corresponds to
the transition between magnified and demagnified images.
From the magnification PDF, we can compute the op-
c© RAS, MNRAS 000, 1–15
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Figure 3. Optical depths 〈Nimg〉τ are plotted as a function of
redshift. Here we define 〈Nimg〉τ regarding multiple images as
distinct images (see text for more details). The solid line shows
the optical depth for multiple images (equation A5), whereas the
dashed and dash-dotted lines show the optical depths defined in
equation (12) with µth = 10 and 100, respectively.
tical depth τ for strong lensing, which represents the proba-
bility of a source at redshift z being strongly lensed. Again,
since we treat multiple images separately, this optical depth
differs from the conventional definition of the optical depth
for which multiple images are grouped together. First we
consider the optical depth for all multiple images, which was
defined in equation (A5). We also define the optical depth
defined by the magnification threshold as
〈Nimg〉τ (> µth) =
∫ ∞
µth
dµ
dP
dµ
, (12)
where we use the total magnification PDF for dP/dµ, al-
though at high magnifications it is dominated by that from
strong lens mocks derived in Section 2.2. In Figure 3, we
show optical depths with different definitions as a function
of redshift. In all cases shown in the Figure, the optical depth
rapidly increases as a function of redshift out to z ∼ 3, but
at high redshifts z & 10 the redshift dependence is rather
weak.
3 MODELS OF BLACK HOLE BINARIES
3.1 Stellar Origins
It has been known that BHs form naturally from the col-
lapse of massive stars at the final stage of their evolution.
This suggests that binary BHs may form from massive bi-
nary stars. Because the evolution of massive stars is sen-
sitive to the metallicity due to its large impact on the
mass loss rate, the merger rate density and masses of bi-
nary BHs are also expected to be sensitive to the metal-
licity. In addition, uncertainties associated with initial bi-
nary parameters make the prediction on the BH merger rate
density quite uncertain (e.g., Belczynski, Kalogera, & Bulik
2002; Belczynski et al. 2010, 2016, 2017; Dominik et al.
Table 1. Parameters for BH merger rate density (equation 13)
and the chirp mass distribution (equation 14) for three stellar
origin models, Pop-I/II (Belczynski et al. 2017), Pop-III (B17)
(Belczynski et al. 2017), and Pop-III (K16) (Kinugawa et al.
2016).
Parameters Pop-I/II Pop-III (B17) Pop-III (K16)
a1 6.6× 103 6× 104 1× 104
a2 1.6 1.0 0.7
a3 2.1 1.4 1.1
a4 30 3× 106 500
ztrunc 15 45 45
b1 8 28 20
b2 30 30 72
2012, 2013, 2015; Kinugawa et al. 2014, 2016; Hartwig et al.
2016).
In this paper, we consider a few model predictions from
the population synthesis calculations as representative ex-
amples. Since the merger rate density and BH mass distri-
bution depend sensitively on metallicity, those of metal free
Population III (Pop-III) stars are expected to be markedly
different from Population I and II (Pop-I/II) stars. For
Pop-I/II stars, we adopt the model “M10” presented in
Belczynski et al. (2017). For Pop-III stars, we consider a
model presented in Kinugawa et al. (2016) (model “Stan-
dard”) and Belczynski et al. (2017) (“FS1”) to cover possi-
ble ranges of model predictions.
While in Belczynski et al. (2017) and Kinugawa et al.
(2016) the redshift and mass distributions of BH mergers
have been derived numerically with the binary population
synthesis models, in this paper we adopt simple analytic
forms for these distributions that roughly reproduce their
numerical results. For the BH merger rate density, we as-
sume the following functional form
RGW(z)
Gpc−3yr−1
=
a1e
a2z
ea3z + a4
, (13)
for z < ztrunc and RGW(z) = 0 at z > ztrunc. On the other
hand, we assume the following form for the chirp mass dis-
tribution of BH mergers
dp
dM ∝M
−2.3
[
1− e−(M/b1)8
]
e−(M/b2)
8
. (14)
Note that the normalization is determined so as to satisfy∫
(dp/dM)dM = 1. Parameters for these distributions are
summarized in Table 1.
We show BH merger rate densities and chirp mass dis-
tributions for these three models in Figures 4 and 5, respec-
tively.
3.2 Primordial black holes
Another scenario is that observed BH mergers may origi-
nate from PBHs (see Sasaki et al. 2018, for a review). In
this paper, we consider a binary formation model consid-
ered in Sasaki et al. (2016), which originated from work by
Nakamura et al. (1997). In this scenario, PBHs created in
the early universe form a binary with high eccentricity due to
the tidal effect of a neighboring PBH. Here we simply adopt
the expression of the BH merger rate density as a function
c© RAS, MNRAS 000, 1–15
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Figure 4. BH merger rate densities as a function of redshift for
the three stellar origin models described in Section 3.1 and the
PBH model described in Section 3.2.
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Figure 5. Distributions of the chirp mass for the three stellar ori-
gin models described in Section 3.1 and the PBH model described
in Section 3.2.
of redshift presented in Sasaki et al. (2016). We set the mass
fraction of PBH, fPBH = ΩPBH/ΩDM, to fPBH = 5×10−3 so
that it roughly matches the observed BH merger rate density
(Abbott et al. 2016c).
Although a single PBH mass has been considered in
Sasaki et al. (2016), in this paper we include the mass dis-
tribution of PBHs by assuming a log-normal form with the
median chirp mass of 20 M⊙ and the scatter of lnM of
0.4. The merger rate density and chirp mass distribution of
the PBH model are compared with stellar origin models in
Figures 4 and 5, respectively.
4 CALCULATION OF THE DISTRIBUTION
OF BINARY BLACK HOLE MERGERS
4.1 Signal-to-noise ratio
In this paper, we consider only the inspiral phase of gravita-
tional waves to compute the expected signal-to-noise ratio
for simplicity. This assumption has also been used in the
literature to discuss detectabilities of binary BH mergers in
future detectors (e.g., Taylor & Gair 2012; Miyamoto et al.
2017; Li et al. 2018). In this case, the signal-to-noise ratio ρ
of binary BH mergers with masses m1 and m2 is computed
as (Finn 1996)
ρ =
√
5
96pi4/3
R⊙
DL(z)
(
Mz
M⊙
)5/6
Θ
√
I ≡ ρ0Θ, (15)
R⊙ = cT⊙ =
GM⊙
c2
, (16)
Mz = (1 + z)M = (1 + z) (m1m2)
3/5
(m1 +m2)1/5
, (17)
I =
∫ fmax
0
df T
−1/3
⊙ f
−7/3{Sn(f)}−1, (18)
whereDL(z) is the luminosity distance,Mz is the redshifted
chirp mass, and Sn(f) is the noise power spectrum density of
a detector which has the dimension of Hz−1/2. The angular
orientation function Θ encapsulates information on the de-
tector with respect to the position of the binary BH merger
on the sky as well as the inclination angle of the merger
event. Assuming the random orientations, the PDF of Θ
can be well approximated by (Finn 1996)
P (Θ) =
5Θ(4−Θ)3
256
, (19)
for 0 < Θ < 4 and P (Θ) = 0 otherwise. We assume that
fmax corresponds to the frequency at the innermost stable
circular orbit (ISCO) that is given by
fISCO =
M⊙
63/2piT⊙(1 + z)M
≈ 4397Hz
(1 + z)(M/M⊙)
, (20)
where M = m1 + m2 is the total mass of the binary BH
system. For simplicity, throughout the paper we assume that
masses of binary BHs are always equal e.g., M = 26/5M, to
compute fISCO.
4.2 Distribution of binary BH mergers
First we derive the event rate of binary BH mergers for a
given gravitational wave observatory without the effect of
gravitational lensing magnification. Assuming a threshold
of the signal-to-noise ratio of ρth, the event rate Robs is
computed as
Robs =
∫
dz
∫
dMdV
dz
RGW(z)
1 + z
dp
dMS(ρth;M, z), (21)
where RGW(z) and dp/dM are the BH merger rate density
and the chirp mass distribution, respectively, presented in
Section 4, dV/dz is the comoving volume element, and a
factor 1/(1+ z) takes account of the cosmological time dila-
tion. The effect of the signal-to-noise ratio threshold ρth is
included in S(ρth;M, z) as
c© RAS, MNRAS 000, 1–15
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Figure 6. Noise power spectra Sn(f) for various gravitational
wave observatories that are considered in this paper. The sensi-
tivity of advanced LIGO O1 is also shown for reference.
S(ρth;M, z) = T (4)− T (ρth/ρ0), (22)
T (Θ) =
Θ2
256
(160− 80Θ + 15Θ2 −Θ3), (23)
for ρth/ρ0 < 4 and S(ρth;M, z) = 0 otherwise.
Next we consider the effect of gravitational lens-
ing magnification. Ignoring the effect of the phase shift
(Dai & Venumadhav 2017), we can include the effect of lens-
ing magnification µ in the geometric optics limit simply by
shifting the luminosity distance as
DL(z)→ DL(z)√
µ
. (24)
Therefore, in presence of the lensing effect, the event rate is
computed as
Robs =
∫
dz
∫
dµ
dP
dµ
∫
dMdV
dz
RGW(z)
1 + z
dp
dM
×Slens(ρth;M, z, µ), (25)
Slens(ρth;M, z, µ) = T (4)− T (ρth/(√µρ0)), (26)
for ρth/(
√
µρ0) < 4 and Slens(ρth;M, z, µ) = 0 otherwise,
and dP/dµ is the magnification PDF as a function of redshift
derived in Section 2.
In this paper, we consider how gravitational lensing
modifies the observable distribution of BH mergers. Specif-
ically, we consider the differential distributions of the “ob-
served redshift” zobs, which is the redshift inferred from the
luminosity distance without the correction of lensing mag-
nification µ, as well as the “observed chirp mass” Mobs,
which is the chirp mass inferred from the observed wave-
form, again without the correction of lensing magnification.
They are simply defined as
DL(zobs) =
DL(z)√
µ
, (27)
Mobs = 1 + z
1 + zobs
M. (28)
By differentiating equation (25) we can obtain differ-
ential distribution of the event rate, dRobs/dzobs and
dRobs/dMobs.
4.3 Gravitational wave observatories
In our calculation, information on gravitational wave obser-
vatories is included in the noise power spectrum Sn(f). As
specific examples, we consider Sn(f) from ongoing obser-
vatories such as advanced LIGO (aLIGO)1 for the design
specification and KAGRA (Nakamura et al. 2016), as well
as the so-called third generation observatories such as Ein-
stein Telescope (ET; Regimbau et al. 2012) and Cosmic Ex-
plorer (CE; Abbott et al. 2017). We also consider a planned
space mission B-DECIGO (Nakamura et al. 2016) which is
supposed to find binary BH mergers out to high redshifts.
The noise power spectra assumed in this paper are shown in
Figure 6.
5 RESULTS
5.1 Distributions in various observatories
We first derive differential distributions as a function of ob-
served redshift zobs (equation 27) as well as observed chirp
mass Mobs (equation 28) for various gravitational wave ob-
servatories summarized in Section 4.3. Throughout the pa-
per we adopt the signal-to-noise threshold of ρth = 8 to
compute expected distributions. Figures 7, 8, 9, 10, and 11
show event rate distributions for advanced LIGO, KAGRA,
Einstein Telescope, Cosmic Explorer, and B-DECIGO, re-
spectively. Here we ignore the measurement errors and show
distributions that would be observed in absence of any
measurement errors. Even without measurement errors, the
event rate distributions are modified due to gravitational
lensing magnification that we cannot be corrected for indi-
vidual event basis.
We find that the differential distributions are
modified due to gravitational lensing magnifica-
tion, mainly at high zobs and high Mobs. The high
mass tail of the chirp mass distribution produced
by lensing magnification has been discussed in the
literature (e.g., Dai, Venumadhav, & Sigurdson 2017;
Broadhurst, Diego, & Smoot 2018), which is due to highly
magnified binary BH merger events. To explicitly check
this point in our calculation, we compute the mean mag-
nification as a function of the observed chirp mass from
equation (25) as
〈µ〉(Mobs) =
(
dRobs
dMobs
)−1 ∫
dz
∫
dµµ
dP
dµ
dM
dMobs
×dV
dz
RGW(z)
1 + z
dp
dMSlens(ρth;M, z, µ). (29)
The mean magnifications shown in the Figures clearly indi-
cate that the tail at high Mobs is driven by high magnifica-
tion events.
Furthermore, we find that gravitational lensing mag-
nification produces a high redshift tail in the zobs distri-
bution. The distribution of mean magnification computed
1 https://www.ligo.caltech.edu
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Figure 7. The differential distributions of the event rate for advanced LIGO. The left panel shows distributions of the observed redshift
zobs defined in equation (27), whereas the right panel shows distributions of the observed chirp mass define in equation (28). We plot
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Figure 8. Same as Figure 7, but for KAGRA.
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Figure 9. Same as Figure 7, but for Einstein Telescope.
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Figure 10. Same as Figure 7, but for Cosmic Explorer.
in a manner similar to equation (29) indicates that this ex-
cess is driven by demagnified events. Our magnification PDF
shown in Figure 2 suggests that such demagnified (µ ∼ 0.1)
events are due to strong gravitational lensing. Strong lensing
produces multiple images such that total magnifications of
these multiple images are always larger than unity, but some
of the multiple images can have µ < 1. Because of the dif-
ficulty in identifying multiple images in gravitational wave
observations, these demagnified images are also assumed to
be observed as distinct events, but due to lensing demagnifi-
cations they have observed redshifts much larger than their
true redshifts, i.e., zobs > z.
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Figure 11. Same as Figure 7, but for B-DECIGO.
5.2 Mock strong lens catalogues
As shown in the previous Section, high Mobs and high zobs
events can be dominated by very high and low magnifica-
tions, respectively, both of which are produced by strong
lensing (see also Figure 2). An advantage of our hybrid ap-
proach to compute the magnification PDF is that it also
allows us to explore expected properties of multiple image
pairs in detail, including expected time delays between these
multiple images.
To explore the property of multiple images in detail,
we construct mock multiple image catalogues following the
methodology developed in Oguri & Marshall (2010). We
first generate a large mock sample of gravitational wave
events for a given model of the merger rate and chirp mass
distributions. For each mock event, we check whether it
is multiply imaged or not, using the lens model described
in Section 2.2. When multiple images are generated, for
each image we compute the signal-to-noise ratio using equa-
tion (15) taking account of gravitational lensing magnifi-
cation via equation (24). For each image, we randomly as-
sign the parameter Θ following the PDF of Θ presented in
equation (19) to keep the consistency with the calculation
presented in the previous Section. However we caution that
this assumption may be inaccurate, particularly for image
pairs with very short time delays, as the parameter Θ for
these close pair events should be correlated rather than in-
dependent. We collect events with their signal-to-noise ratio
larger than ρth = 8 to construct a mock catalogue for a given
model and observatory.
This mock strong lens catalogue allows us to explore the
relation between various parameters. As a specific example,
we check the distribution of mock strong lens events in the
z-zobs plane. They are related with each other via equa-
tion (27), which indicates that the deviation from z = zobs
is simply caused by gravitational lensing magnification. Fig-
ure 12 shows the distributions in the z-zobs plane for ad-
vanced LIGO and Cosmic Explorer as examples of second-
and third-generation observatories, respectively. As shown
in the Figure, there is a qualitative difference between the
distributions for advanced LIGO and Cosmic Explorer. In
the former case, detectable strong lens events are dominated
by highly magnified events, and hence the observed redshift
zobs is always lower than the true redshift. On the other
hand, in the case of Cosmic Explorer we can observe both
magnified and demagnified events, so that there are events
both at z > zobs and z < zobs.
This qualitative difference can be explained by the selec-
tion effect. As shown in Figure 3, the lensing optical depth is
very steep function of redshift out to z ∼ 1. Because of this
steep growth of the lensing optical depth, strong lens events
observed in the second-generation observatories should be
dominated by highly magnified high-redshift events (see also
Broadhurst, Diego, & Smoot 2018, for an extreme exam-
ple). For the specific example shown in Figure 3, the me-
dian magnification for this strong lens sample is 〈µ〉 ∼ 14.
Such high median magnification due to the selection effect
was also seen in observations of strongly lensed supernovae.
Strongly lensed Type Ia supernovae recently discovered in
relatively shallow surveys, PS1-10afx (Quimby et al. 2014)
and iPTF16geu (Goobar et al. 2017), have high total mag-
nifications of µ ∼ 30 − 50 for the same reason as discussed
above (see also Quimby et al. 2014). In most cases, the low-
magnification counterimages of these high magnification im-
ages are not observable due to their low signal-to-noise ra-
tios.
In contrast, in the case of Cosmic Explorer we can ob-
serve both magnified and demagnified events. This is be-
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Figure 12. The distribution of mock multiple images for ad-
vanced LIGO (upper) and Cosmic Explorer (lower) in the z-zobs
plane, for the case of the Pop-I/II model. We plot mock data
from 3000 years and 1 year observations for advanced LIGO and
Cosmic Explorer, respectively.
cause we can detect many binary BH mergers at z ∼ 2− 5
with Cosmic Explorer without lensing magnifications (see
Figure 10), and thanks to the high sensitive of the observa-
tory, demagnified image of strong lens events at these red-
shifts can also be detected easily. These demagnified multi-
ple images are the origin of apparently very high observed
redshift (zobs & 15) events shown in Figure 10.
5.3 Time delays between observed multiple image
pairs
One application of the mock strong lens catalogues con-
structed in Section 5.2 is that they allow us to estimate
distributions of time delays between multiple image pairs.
From the strong lens mock, we select all pairs of multiple
images both of which are detected, i.e., ρ > ρth. Our mock
catalogues contain strong lens events with more than two
(typically four) images. When more than two images are de-
tected, we consider all the possible pairs of multiple images
and derive time delays between all these pairs.
Figure 13 shows distributions of time delays and mag-
nifications for all pairs of multiple images in the strong
lens mock catalogues, again for advanced LIGO and Cos-
mic Explorer as examples of second- and third-generation
observatories, respectively. In addition to the difference in
typical magnifications, we find that typical time delays are
also quite different between advanced LIGO and Cosmic Ex-
plorer.
In the case of advanced LIGO, we preferentially detect
binary BH mergers that are highly magnified by gravita-
tional lensing due to the selection effect. In most cases, such
high magnifications are realized near the fold or cusp catas-
trophe, where pairs of multiple images with similar mag-
nifications are produced. Because they share similar light
paths, time delays between these high magnification image
pairs are very short. We find that time delays for multiple
image pairs from advanced LIGO are indeed short, typi-
cally less than a day. Given the relatively low total event
rate of advanced LIGO, it should be relatively easy to iden-
tify strong lensing events from the occurrence of multiple
events in a short time scale. Realistic estimates of the iden-
tifications of such multiple events require to take account
of the effect of the Earth rotation as well as data glitches
(see also Broadhurst, Diego, & Smoot 2018). We leave the
exploration of this for future work.
When a source is located very close to the caustic, the
wave effect becomes important. This happens when the time
delay between multiple images near the critical curve is
comparable to the wave period (e.g., Nakamura & Deguchi
1999). Figure 13 suggests that, even for images with very
high magnifications, µ ∼ 103, time delays between multiple
image pairs are typically larger than a second and therefore
are much larger than the inverse of frequency of ground-
based gravitational wave observations. Thus the wave effect
can be neglected even for these highly magnified image pairs.
On the other hand, in the case of Cosmic Explorer we
can detect many multiple image pairs from more typical
asymmetric image configurations with large magnification
differences. Such asymmetric image configurations produce
image pairs with large time delays. We find that typical time
delays are 10 − 100 days, which are much longer than time
delays in the case of advanced LIGO. Together with the
high total event rates, this relatively long time delays make
it challenging to distinguish such multiple images from two
distinct single image events. Furthermore, long time delays
suggest that some of multiple images cannot be detected in a
given observing run, because one of the multiple images can
arrive before or after the observing run. This “time delay
bias” has been considered in Oguri, Suto, & Turner (2003)
in the context of gravitationally lensed supernovae, and was
also discussed in Li et al. (2018).
Figure 13 indicates that there is a clear difference in the
distributions of magnifications between leading and trailing
images of multiple image pairs. In particular, this Figure
suggests that highly demagnified images, which produce a
high redshift tail in the zobs distribution, almost always cor-
respond to trailing images. This indicates that, when a very
high zobs event due to lensing demagnification is detected,
such even should be accompanied by a much lower zobs event
that is observed ∼ 10− 100 days before the high zobs event.
Waveforms of these two multiple image events with high and
low zobs should be similar except for their overall ampli-
tudes. In practice, demagnified events receive additional fre-
quency dependent phase shift, which may help identify these
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Figure 13. Distributions of time delays and magnifications for pairs of multiple images from the mock strong lens catalogues. As in
Figure 12, we plot mock data of the Pop-I/II model from 3000 years and 1 year observations for advanced LIGO (left) and Cosmic
Explorer (right), respectively. The upper panels show time delays and magnifications of leading (filled circles) and trailing (crosses)
images for any image pairs in the mock catalogues. The bottom panels show time delays and ratios of magnifications of leading and
trailing images.
Table 2. Summary of predicted event rates for various observatories and models of binary BH mergers. Robs denotes the total number
of observed events per year, Rsl is the total number of strongly lensed events per year, 〈µsl〉 is the median magnification of strongly
lensed events, Rpair is the total number of observed multiple image pairs per year, ∆t is the median time delay of the observed multiple
image pairs, and 〈µleading/µtrailing〉 is the median value of the ratio of magnifications of leading and trailing images of the observed
multiple image pairs. Values of 〈µsl〉, Rpair, ∆t, and 〈µleading/µtrailing〉 are derived from the strong lens mock catalogues (see Section 5.2).
Values in parentheses for 〈µsl〉, ∆t, and 〈µleading/µtrailing〉 denote 68% ranges, again derived from the strong lens mock catalogues. For
aLIGO/Pop-III (B17) and KAGRA/Pop-III (B17), we fail to construct mock lens catalogues because they predict too low strong lens
event rates.
observatory/model Robs [yr
−1] Rsl [yr−1] 〈µsl〉 Rpair [yr−1] ∆t [day] 〈µleading/µtrailing〉
aLIGO/Pop-I/II 1.14e+03 5.84e−01 14.35 (3.39–72.71) 7.77e−02 0.006 (0.000–0.739) 1.00 (0.61–1.23)
aLIGO/Pop-III (B17) 2.00e−01 6.21e−05 — — — —
aLIGO/Pop-III (K16) 1.68e+02 3.89e−02 6.32 (2.50–27.97) 3.33e−03 0.433 (0.013–2.906) 1.22 (0.82–1.37)
aLIGO/PBH 4.75e+02 1.35e−01 6.89 (2.40–32.84) 1.43e−02 0.124 (0.002–2.853) 0.92 (0.48–1.54)
KAGRA/Pop-I/II 6.84e+02 1.69e−01 17.49 (3.30–105.11) 2.37e−02 0.002 (0.000–0.090) 1.00 (0.52–1.19)
KAGRA/Pop-III (B17) 5.58e−02 3.81e−06 — — — —
KAGRA/Pop-III (K16) 4.59e+01 3.10e−03 7.65 (2.51–83.11) 6.67e−04 0.005 (0.002–0.008) 1.01 (1.00–1.01)
KAGRA/PBH 1.93e+02 2.00e−02 7.27 (2.65–45.64) 3.33e−03 0.546 (0.139–1.081) 1.05 (0.81–1.79)
ET/Pop-I/II 5.54e+05 1.12e+03 2.10 (0.88–3.55) 4.56e+02 13.741 (1.184–83.138) 2.36 (0.91–6.75)
ET/Pop-III (B17) 5.96e+03 7.38e+01 2.41 (1.70–4.32) 1.50e+01 16.518 (0.736–79.897) 1.95 (0.70–5.10)
ET/Pop-III (K16) 1.13e+05 4.86e+02 2.10 (0.83–3.40) 1.74e+02 15.094 (1.328–96.548) 2.61 (0.93–6.91)
ET/PBH 2.27e+05 1.18e+03 2.25 (1.36–3.93) 3.55e+02 12.942 (1.042–80.279) 2.06 (0.80–5.60)
CE/Pop-I/II 7.31e+05 1.60e+03 1.88 (0.38–3.09) 8.36e+02 20.600 (2.318–113.044) 3.64 (1.24–11.20)
CE/Pop-III (B17) 1.54e+03 1.51e+01 2.44 (1.88–3.98) 2.60e+00 8.266 (0.501–208.184) 3.02 (1.02–6.55)
CE/Pop-III (K16) 9.96e+04 3.96e+02 2.07 (0.60–3.64) 1.82e+02 21.283 (1.444–107.229) 2.90 (0.92–8.78)
CE/PBH 2.47e+05 1.07e+03 2.05 (0.71–3.49) 4.63e+02 18.806 (1.290–108.130) 2.68 (1.01–8.18)
B-DECIGO/Pop-I/II 2.02e+05 4.71e+02 2.36 (1.63–4.19) 9.98e+01 8.252 (0.595–56.830) 1.70 (0.78–4.65)
B-DECIGO/Pop-III (B17) 5.96e+03 9.20e+01 2.50 (1.76–4.84) 1.92e+01 3.430 (0.188–21.441) 1.23 (0.50–2.82)
B-DECIGO/Pop-III (K16) 7.66e+04 3.86e+02 2.27 (1.47–3.94) 1.22e+02 14.577 (1.060–86.073) 1.88 (0.78–4.78)
B-DECIGO/PBH 1.31e+05 1.41e+03 2.63 (1.81–5.43) 2.70e+02 4.965 (0.264–50.640) 1.29 (0.57–3.29)
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strongly lensed multiple image pairs (Dai & Venumadhav
2017).
Table 2 summarizes predicted event rates for various
observatories and models of binary BH mergers. Again, this
Table highlights the large difference between ongoing (ad-
vanced LIGO and KAGRA) and future (Einstein Telescope,
Cosmic Explorer, and B-DECIGO) observatories on typi-
cal values of magnifications of time delays. The fractions of
strongly lensed events are found to ∼ 10−4 for advanced
LIGO and KAGRA and ∼ 10−2 − 10−3 for Einstein Tele-
scope, Cosmic Explorer, and B-DECIGO.
6 SUMMARY
In this paper, we have explored the effect of gravitational
lensing magnification on the distribution of binary BH merg-
ers observed by gravitational wave observatories. For this
purpose, we have developed a hybrid model of the PDF of
gravitational lensing magnification, in which the effects of
weak and strong gravitational lensing are combined. In par-
ticular, we derive the magnification PDF by treating mul-
tiple images separately (see Appendix A), which should be
appropriate here given the poor angular resolution of gravi-
tational wave observatories as well as faint electromagnetic
counterparts if at all exist.
We have found that pronounced effects of gravita-
tional lensing magnifications appear at high observed chirp
mass Mobs (equation 28) and at high observed red-
shift zobs (equation 27). The heavy tail of the distri-
bution at high Mobs is due to highly magnified strong
lens events, which has been recognized in previous work
(Dai, Venumadhav, & Sigurdson 2017; Smith et al. 2018;
Broadhurst, Diego, & Smoot 2018). We have found that
highly demagnified images of strong lensing events also pro-
duce a heavy tail of the distribution at high zobs, which
can be easily detected in future gravitational wave observa-
tories. It has been argued that the presence or absence of
very high redshift BH merger events provide an importance
clue for discriminating various binary BH formation models
(Nakamura et al. 2016; Koushiappas & Loeb 2017), but our
work demonstrates that the effect of gravitational lensing
has to be taken into account carefully in order to properly
interpret apparently very high redshift events.
Our hybrid approach enables us to explore the expected
properties of strong lensing events detectable in individual
gravitational wave observatories. For instance, in ongoing
gravitational wave observatories such as advanced LIGO and
KAGRA, we preferentially observe highly magnified strong
lensing events due to the selection effect. As a result, we ex-
pect to observe pairs of strongly lensed events with similar
magnifications and short time delays of . 1 day, suggest-
ing that we may be able to identify strongly lensed events
from such image pairs with similar properties. On the other
hand, in the next generation gravitation wave observatories
such as Einstein Telescope and Cosmic Explorer, strong lens-
ing events are dominated by those with “asymmetric” image
configurations with large magnification ratios and large time
delays between multiple images. Our mock catalogues of
strong lens events indicate that highly demagnified images,
which are important source of apparently high observed red-
shift events, should be accompanied by a magnified event
that is observed typically 10 − 100 days before the demag-
nified event. However, the expected long time delays may
make it challenging to identify such pairs of strong lensing
events with magnifications and demagnifications.
In this paper, we have adopted several simplified as-
sumptions. While we have assigned the angular orientation
function Θ completely randomly for different events, values
of Θ should be correlated for image pairs with short time de-
lays. We have also ignored measurement errors of observed
redshifts and chirp masses when discussing their distribu-
tions. In order to discuss the possibility of identifying multi-
ple image pairs, we need to take account of the localization
accuracy on the sky as well as the chance probability of
having distinct gravitational wave events with similar wave-
forms. Given the limited amount of information available
from binary BH merger events, it is of great importance to
explore the possibility of identifying multiple images in a
realistic situation, in order to understand the origin of pos-
sible extreme events with very high Mobs or zobs detected
in the future.
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APPENDIX A: MAGNIFICATION PDFS IN
THE PRESENCE OF MULTIPLE IMAGES
In this paper, we are interested in the magnification PDF
defined in the source plane, as gravitational wave sources
are randomly distributed in the source plane rather than in
the image plane. In the strong lens regime, the definition
of the magnification is rather ambiguous because a single
source produces multiple images. We argue that the relevant
definition of the magnification factor depends on the obser-
vation and the identification scheme of multiple images. For
instance, in survey observations with poor angular resolu-
tions, such as an imaging survey in the sub-millimetre band
(e.g., Negrello et al. 2010), multiple images are not resolved.
In this case, it is appropriate to adopt the total magnifica-
tion i.e., the sum of magnification factors of multiple images,
as the definition of the magnification.
The situation is more complicated when multiple im-
ages are resolved. In the case of gravitational wave observa-
tions, while multiple images are not resolved spatially given
their poor angular resolutions, they are almost always re-
solved temporally. However, as discussed in this paper, the
identification of multiple images is not straightforward in
c© RAS, MNRAS 000, 1–15
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gravitational wave observations again given their poor spa-
tial resolutions. Thus in this paper we treat multiple im-
ages separately. In this case, the number of sources is not
conserved by strong gravitational lensing i.e., the number of
sources in the image plane differs from the number of sources
in the source plane.
In practice, from the strong lens mock sample at a give
source redshift constructed in Section 2.2, we derive two
types of magnification PDFs. First, we derive the magnifi-
cation PDF in which multiple images are grouped together.
For j-th strong lens system, we compute the total magnifi-
cation as
µj,tot =
∑
k
µj,k, (A1)
where the summation k runs over multiple images of the
j-th mock strong lens system, and µj,k denotes the magnifi-
cation of the individual image for the j-th mock strong lens
system. We then compute the magnification PDF in the i-th
magnification bin with µi,min < µi < µi,max as
dPsl,lens
dµi
=
1
Ns
∑
j
Θ(µj,tot − µi,min)Θ(µi,max − µj,tot), (A2)
where Θ is the Heaviside step function, Ns is the total num-
ber of sources at this source redshift that are randomly dis-
tributed to generate the mock lens sample, and the sum-
mation runs over the mock lens sample. This magnification
PDF is normalized such that the integral over the magni-
fication gives the lensing optical depth τmulti i.e., the total
probability of strong gravitational lensing with multiple im-
ages∫
dµ
dPsl,lens
dµi
= τmulti. (A3)
Next, we define another magnification PDF for which multi-
ple images of individual mock lens system are treated sepa-
rately. Using the notations defined above, we can derive this
magnification PDF as
dPsl,img
dµi
=
1
Ns
∑
j
∑
k
Θ(µj,k−µi,min)Θ(µi,max−µj,k).(A4)
This magnification PDF has a different normalization from
dPsl,lens/dµ. Specifically, dPsl,img/dµ is normalized such that∫
dµ
dPsl,img
dµi
= 〈Nimg〉τmulti, (A5)
where 〈Nimg〉 is the average number of multiple images for
the mock strong lens systems. Since most strong lens systems
have two or four multiple images, we expect 2 < 〈Nimg〉 < 4.
As shown in Section 2.3, we combine the magnifica-
tion PDF from the strong lens mock sample with that at
low magnification derived in Section 2.1 to obtain the to-
tal magnification PDF. However, if we simply sum up these
magnification PDFs, the resulting magnification PDF does
not satisfy the correct normalization condition. Therefore
we tweak the normalization of the magnification PDF at
low magnification to ensure the normalization
dP
dµ
=
1− τmulti∫
dµ dPwl/dµ
dPwl
dµ
+
dPsl
dµ
. (A6)
We note that the prefactor (1 − τmulti)/
∫
dµ dPwl/dµ is in
fact quite close to unity with a typical deviation of ∼ 3%
or so, indicating that this correction is a minor correction.
When we adopt dPsl/dµ = dPsl,lens/dµ, we can easily show
that∫
dµ
dP
dµ
= 1, (A7)
which is expected from the conservation of the number of
sources by gravitational lensing. In contrast, when we adopt
dPsl/dµ = dPsl,img/dµ, the number of sources no longer con-
serves as strong lensing, once multiple images are treated
separately, increases the number of observed events. In this
case, the normalization exceeds unity∫
dµ
dP
dµ
= 1 + τmulti(〈Nimg〉 − 1) > 1, (A8)
although we note that τmulti ≪ 1 and hence the excess
is small. As mentioned above, in this paper we adopt
dPsl/dµ = dPsl,img/dµ and treat multiple images separately.
The magnification PDF constructed above does not
guarantees 〈µ〉 = 1 which is expected for the source plane
magnification PDF (e.g., Takahashi et al. 2011), even when
we adopt the total magnification, dPsl/dµ = dPsl,lens/dµ. To
correct for this, for each source redshift bin we compute the
magnification shift parameter
µshift = 1−
∫
dµ
dP
dµ
µ, (A9)
where dP/dµ is computed using dPsl/dµ = dPsl,lens/dµ, and
uniformly shift the magnification in the magnification PDF
as
µ→ µ+ µshift, (A10)
which ensures 〈µ〉 = 1. We apply this shift of the magnifica-
tion even when we adopt dPsl/dµ = dPsl,img/dµ that is used
in our main analysis. Again, this shift is quite minor with
|µshift| . 0.02 for zs . 10 and |µshift| . 0.1 for zs . 100.
c© RAS, MNRAS 000, 1–15
